ABSTRACT. Let R + = [0, ∞) and let A ⊆ R n + . We have found the necessary and sufficient conditions under which a function Φ : A → R + has an isotone subadditive continuation on R n + . It allows us to describe the metrics, defined on the Cartesian product X 1 ×· · ·×X n of given metric spaces (X 1 , d X 1 ), . . . , (X n , d X n ), generated by the isotone metric preserving functions on R n + . It is also shown that the isotone metric preserving functions Φ : R n + → R + coincide with the first moduli of continuity of the nonconstant bornologous functions g : R n + → R + .
Introduction
Let n be a positive integer number, (X 1 , d X 1 ), . . . , (X n , d X n ) be metric spaces and let P be the Cartesian product of X 1 , . . . , X n . We shall writex = (x 1 , . . . , x n ) if x 1 ∈ X 1 , . . . , x n ∈ X n . Also we use the following denotationD(x,ȳ) = (d X 1 (x 1 , y 1 ), . . . , d X n (x n , y n )). Ò Ø ÓÒ 1.2º A function Φ : R n + → R + is a metric preserving function (of n variables) if Φ •D is a metric on P for every collection of metric spaces (X 1 , d X 1 ), . . . , (X n , d X n ).
There were published in recent decades a lot of works dealing with metric products. The Euclidean and the Minkowski ranks for arbitrary metric spaces and their behavior with respect to products were studied in [2] and [10] . The papers [12] , [16] and [1] concern the long-standing problem of S. Ulam on the uniqueness of decomposition of metric spaces into metric products of indecomposable factors. The search of conditions for multiplicativity of metric properties in terms of properties of the functions Φ is another natural problem arising under studies of metric products (see, for example, [17] , [11] , [13] , and [8] for some results in this direction). The metric products of an arbitrary infinite or finite family of metric spaces were studied in [4] .
In the case where the number of factors in the Cartesian product equals one we obtain a new metric Φ•d 1 . The metrics of such form occupy a special position among metric products (see [5] , [6] , [15] and [18] for the surveys on the metric preserving functions of one variable).
The present paper deals with the isotone metric preserving functions and isotone metric products. In particular we characterize the metrics which are isotone, amenable or subadditive metric products (see Section 3 for the exact definitions and formulations of results). These characterizations are based on the construction of continuation of isotone amenable or subadditive, in the generalized sense, functions defined on subsets of R n + (see Section 2 which play an auxiliary role in the paper).
In Section 4 we prove that the isotone metric preserving functions coincide with the moduli of continuity of nonconstant bornologous functions f : R n + → R + . It is a generalization of similar one-dimensional result from [9] .
Continuation of isotone functions
Let x = (x 1 , . . . , x n ), y = (y 1 , . . . , y n ) be two vectors from R n + . Then we write: x y ⇐⇒ x i y i for every i ∈ {1, . . . , n};
x < y ⇐⇒ x y and x = y;
We need the following definition.
holds for allx,ȳ ∈ A.
METRIC PRODUCTS AND CONTINUATION OF ISOTONE FUNCTIONS
It is easy to see that f : R n + → R + is isotone if and only if f is increasing by coordinates, i.e., f is separately increasing in every variable.
Forā ∈ R n + we denote byā ∇ the lower cone ofā in the partially ordered set (R n + , ), i.e.,ā ∇ = x ∈ R n + :x ā . The following lemma gives us the necessary and sufficient conditions under which a "partially defined" isotone function is a restriction of a "completely defined" isotone function.
Ä ÑÑ 2.1º Let A be a subset of R n + and let Φ : A → R + be an isotone function. The following conditions are equivalent.
where Ψ| A is the restriction of Ψ on the set A.
(ii) The inequality
Remark 1º
It is easy to prove the inequality
for everyx ∈ R n + and every isotone function Ψ :
Ò Ø ÓÒ 2.2º Let A ⊆ R n + and let0 = (0, . . . , 0) ∈ A. We shall say that a function Φ : A → R n + is amenable if Φ(0) = 0 and Φ(x) > 0 for everyx ∈ A\{0}.
For n = 1 and A = R + , Definition 2.2 turns into the definition of amenable functions from [7] .
Let t ∈ (0, ∞) and j 0 ∈ {1, . . . , n}. Define the vectorst
by the rule 
P r o o f. Suppose that for every j 0 ∈ {1, . . . , n} and ε ∈ (0, ∞) there is t = t(ε, j 0 ) ∈ (0, ∞) such that (2.7) holds. It was shown in the proof of Lemma 2.1 that Φ * (0) = Φ(0) = 0 and 0 
Since Φ is amenable andt j 0 >0 we have Φ(t j 0 ) > 0. Inequality (2.8) follows.
Conversely, suppose that Φ * (y) is amenable but there is j 0 ∈ {1, . . . , n} and ε > 0 such thatt
Hence Φ * is not amenable, contrary to the supposition.
Remark 2º
The conclusion of Lemma 2.2 can be reformulated by the following way.
• The function Φ * : A → R + is amenable if and only if A\{0} is a coinitial subset of R n + \{0}.
METRIC PRODUCTS AND CONTINUATION OF ISOTONE FUNCTIONS
For everyā = (a 1 , . . . , a n ) ∈ R n + and j ∈ {1, . . . , n} define pr j (ā) = a j and denote byā ∆ the upper cone ofā, i.e., From (2.9) and (2.10) the inequality t < ∞ follows. Indeed, if t = +∞, then B = ∅, so that inf(Φ(B)) = +∞, contrary to (2.9). Lett j 0 be the vector defined by (2.6). Then the inequalityt j 0 b holds for everyb ∈ B. Since Ψ is amenable and isotone andt j 0 >0, we obtain
contrary to (2.9). This contradiction shows that the implication (i) =⇒ (ii) is true.
(ii) =⇒ (i). Suppose that condition (ii) is fulfilled. Consider first the case when for every j 0 ∈ {1, . . . , n} there isx ∈ A such that
Inequality (2.11) implies that τ j > 0 for every j. Let us continue Φ from A to the set
by the rule
i.e., Φ * is correctly defined. Using the isotonicity of Φ and the definition of Φ * we can easily show that Φ * (x) is finite for everyx ∈ Γ and Φ * : Γ → R + is isotone. To prove that Φ * is amenable suppose that there isγ ∈ Γ such that Φ * (γ) = 0. Since Φ is amenable, the last equality showsγ
(2.14)
Membership relation (2.14) implies that there are j 0 ∈ {1, . . . , n} and t ∈ (0, τ j 0 ) such thatγ =t j 0 . Condition (ii) and (2.15) give us the equality
In particular there isx ∈ (A ∩t j 0 ∆ ) such that
By definition of the upper cone we have pr j (x) pr j (t j 0 ) for everyx ∈t j 0 ∆ and j ∈ {1, . . . , n}. Consequently pr j 0 (x) pr j 0 (t j 0 ) = t, contrary to (2.16). Thus Φ * is amenable.
Consider now the case where there is j ∈ {1, . . . , n} such that pr j (A) = {0}. We may assume, after a suitable permutation, that there is j 0 ∈ {1, . . . , n} such that τ j = sup(pr j (A)) = 0 if and only if 1 j j 0 . Let us continue Φ from A to the set
It is easy to prove that Φ 0 : A 0 → R + is an isotone and amenable continuation of Φ : A → R + . Now for every j ∈ {1, . . . , n} there isx ∈ A 0 such that inequality (2.11) holds. Consequently there is a continuation Φ * of Φ 0 on the set Γ (see (2.12)) defined as in (2.13). To find a continuation of Φ * : Γ → R + to an isotone amenable function Ψ : R n + → R + it suffices to note that for every j ∈ {1, . . . , n} and every ε ∈ (0, ∞) there is t = t(ε, j) ∈ (0, ∞) such that t ε andt j ∈ Γ. Hence a desirable continuation can be obtained as in Lemma 2.2.
Recall that a function Φ :
holds for allx,ȳ ∈ R n + . Now we shall give an extension of this property to the case of functions defined on arbitrary subsets of R (ii) There is an isotone and subadditive function Ψ :
P r o o f. The implication (ii) =⇒ (i) follows directly from Remark 3. Suppose now that Φ is subadditive in the generalized sense. We shall construct an isotone subadditive function Ψ : First consider that for each j ∈ {1, . . . , n} there isȳ ∈ A such that pr j (ȳ) = 0. Then we have S(x) = ∅ for everyx ∈ R n + . Define the function Ψ : holds. Thus Ψ is isotone.
To prove the subadditivity of Ψ consider arbitraryx,ȳ ∈ R n + . It follows from (2.20) that for every ε > 0 there are
Letz =x +ȳ. Then we havez
. . , m + l by the rule: 
Thus Ψ is subadditive. It remains to verify that Ψ| A = Φ. Letx ∈ A and (x 1 , . . . ,x k ) ∈ S(x). Then, by (2.19), we havex
because Φ is isotone. If k 2, then using the subadditivity of Φ we also have
. Consequently the last inequality holds for every
follows. To prove the converse inequality
note that the pointx 1 =x, belongs to S(x) for everyx ∈ A. Consequently (2.25) follows from (2.20). Inequalities (2.24) and (2.25) imply that Φ(x) = Ψ(x) for everyx ∈ A, i.e., Ψ| A = Φ. Now, suppose there is j ∈ {1, . . . , n} such that pr j (ȳ) = 0 for everyȳ ∈ A. Denote J 0 = j ∈ {1, . . . , n} : pr j (ȳ) = 0 for everyȳ ∈ A . For every t ∈ (0, ∞) and j 0 ∈ J 0 writet j 0 for the vector defined by (2.6). Let us continue Φ from the set A to the set
where c is an arbitrary point from R + . It is easy to see that 
Then, using the definition of the set Γ, we obtain the inequalityx i∈Ix i .
(Note that the implication
can be considered as a generalization of incomparability of nonzerox ∈ A and y ∈ Γ\A.) Sincex i ∈ A for i ∈ I, the inequalityx
Similarly we can show the inequality
We finish this section by the following proposition, which is interesting in its own right. This theorem can be proved by modification of the proof of Lemma 2.4 so it can be omitted here.

Remark 4º If for given Φ :
A → R + there is a function Ψ : R n + → R + meeting conditions (i)-(iv), then for every j ∈ {1, . . . , n} there isā ∈ A such that pr j (ā) > 0. It can be obtained from (2.27) with Φ = Ψ| A .
From metric products to metric preserving functions
Let us denote by F 
Recall that the distance set of a metric space (X, d) is the set
We shall say that a metric product d is isotone (subadditive) if there is an isotone (subadditive in the generalized sense) function Φ :
nonempty metric spaces and let
d be a metric defined on P = X 1 × · · · × X n . The following conditions are equivalent.
(i) d is an isotone metric product.
(ii) d is distance-increasing.
P r o o f. The implication (i) =⇒ (ii) is clear. Suppose that d is distanceincreasing. Let us prove that there exists an isotone
such that (1.1) holds for allx,ȳ ∈ P . Let us setD(x,ȳ) =D(z,w) in Definition 3.1. Then inequality (3.1) implies
d(x,ȳ) = d(z,w).
Thus, the function d : P ×P → R + depends only on the distances
such that the following diagram
is commutative. Using the fact that d is distance-increasing it is easy to show that Φ is isotone.
Let us define the metric
We shall say that an isotone metric product d has an isotone (amenable, subadditive) continuation if there is an isotone (amenable, subadditive) function Φ :
for allx,ȳ ∈ P . Let (X, d) and (Y, ρ) be metric spaces. Recall that a mapping f : X → Y is bornologous if for every ε ∈ R + there is δ = δ(ε) ∈ R + such that the implication
holds for all x, y ∈ X (see [14: p. 6 
]).
Remark 5º
It is easy to prove that f : X → Y is bornologous if and only if there is an increasing g :
for all x, y ∈ X. 
(i) d is an isotone metric product and has an isotone continuation.
(ii) d is distance-increasing and the identical mapping
is bornologous as a mapping from (P, ρ ∞ ) to (P, d).
P r o o f. (i) =⇒ (ii).
Let d be an isotone metric product having an isotone continuation. By Lemma 3.1, the metric d is distance-increasing. Let Ψ : R n + → R + be an isotone function such that
The restriction Ψ| A is an isotone function on A ⊆ R n + and the function Ψ is an isotone continuation of Ψ| A . Consequently, by Lemma 2.1, the inequality sup Ψ| A (x) :x ∈ A ∩b ∇ < ∞ holds for everyb ∈ R n + . Let us take hereb =b ε = (ε, . . . , ε) with ε ∈ R + . We claim that the inequality
holds for allx,ȳ ∈ P with
Indeed, the relationz ∈ A ∩b ∇ ε holds if and only if there arex,ȳ ∈ P such that
. . , n, and
This equality, (3.4) and (3.7) imply (3.
6). Since d is distance-increasing, condition (ii) follows (see Remark 1). (ii) =⇒ (i). Suppose that (ii) holds. Lemma 3.1 implies that there is an isotone function Φ :
for allx,ȳ ∈ P . To prove that d has an isotone continuation we must find an isotone Ψ : R n + → R + for which
To this end it suffices to prove the inequality
for everyb ∈ R n + (see Lemma 2.1). It is clear thatb b ε if ε = max
Since (ii) holds, the last inequality is a consequence of (3.8).
Now we construct a distance-increasing metric which does not have any isotone continuation. For the sake of simplicity, consider a degenerate Cartesian product P = X 1 × · · · × X n with n = 1. It is easy to see that (X, ρ) is an ultrametric space, i.e., the strong triangle inequality
is also a metric and even an ultrametric on X. Note that d is distance-increasing because ϕ is increasing. We show that the identical mapping id(x) = x is uniformly continuous but not bornologous if we consider id as a mapping from (X, ρ) to (X, d). The uniform continuity of id follows directly from limit relation lim t→0 ϕ(t) = 0. If id is bornologous, then, by Remark 5, there is an increasing , y) ) for all x, y ∈ [0, 1). Since g is increasing and sup
holds for all x, y ∈ X. Hence the metric space (X, d) is bounded, contrary to the definition. By Theorem 3.2 d = ϕ • ρ is a distance-increasing metric which does not have isotone continuations.
Analyzing the previous example we obtain the following conditions under which the isotone metric products have isotone continuations.
ÓÖÓÐÐ ÖÝ 3.2.1º Let
The next theorem gives us an intrinsic description of isotone metric products having isotone amenable continuations. 
(i) d is an isotone metric product with an isotone amenable continuation.
(ii) d is distance-increasing and the identical mapping idx =x,x ∈ P is bornologous as a mapping from (P, ρ ∞ ) to (P, d) and uniformly continuous as a mapping from (P, d) to (P, ρ ∞ ).
P r o o f.
(i) =⇒ (ii). Suppose that condition (i) is fulfilled. Then, in accordance with Theorem 3.2, d is distance-increasing and id is a bornologous mapping from (P, ρ ∞ ) to (P, d). Thus to prove (ii) it suffices to show that id is an uniformly continuous mapping from (P, d) to (P, ρ ∞ ). Suppose the contrary. Then there are ε > 0 and two sequences {x i } i∈N , {ȳ i } i∈N such that
for every i ∈ N. Passing to subsequences and reordering the factors in X 1 × · · · · · · × X n we may assume that
By condition (i), there is an isotone amenable function Φ :
for allx,ȳ ∈ P . Using (3.11) we obtain Since the identical mapping id from (P, d) to (P, ρ ∞ ) is uniformly continuous, equality (3.13) implies
The last equality and the inequalities
imply (3.12) for each j ∈ {1, . . . , n}.
In the following theorem we show that every isotone subadditive metric product has an isotone subadditive amenable continuation. for allx,ȳ ∈ P .
(ii) d is an isotone subadditive metric product. Remark 6º Forε =0 formula (4.1) gives us the equality ω(ḡ,0) = 0.
It was noted in [3] that the inequality
holds for every metric preserving function f : R + → R + and all a, b ∈ R + . In the following lemma we give a multivariate version of this inequality for isotone metric preserving functions of several variables.
holds for allx,ȳ ∈ R Inequality (4.8) implies that |x−ȳ| ε whereε = (ε, . . . , ε) ∈ R n + . Consequently we obtain F (|x −ȳ|) F (ε). Thus inequality (4.9) holds with δ(ε) = F (ε). It still remains to note that equality (4.7) follows directly from the definition of modulus of continuity and Lemma 4.1.
Suppose g ∈ W and equality (4.5) holds for everyε ∈ R n + . It is necessary to show that F ∈ F n i . Note that isotonicity and nonnegativity F follow directly from (4.1). Let us show that F (ε) > 0 if ε > 0. By Remark 6 we have F (0) = 0.
The inequalityε >0 implies that there exists i 0 ∈ {1, . . . , n} such that ε i 0 > 0. For convenience we may consider the case when i 0 = 1. In (4.5) the function g belongs to W. Consequently g is nonconstant w.r.t. all variables. Hence there are some numbers a i ∈ R + , i = 2, . . . , n, such that the function g * (t) := g(t, a 2 , . . . , a n ), t∈ R + , is nonconstant. Suppose F (ε) = 0. Then we obtain g * (t 1 ) = g * (t 2 ) whenever |t 2 − t 1 | ε 1 . Consequently g * (t) = constant. This contradiction implies the desired inequality F (ε) > 0 forε >0.
It remains to verify that 
